AP® STATISTICS 
2006 SCORING GUIDELINES 


Question 3 


Intent of Question 


The primary goals of this question are to assess a student’s ability to: (1) recognize the random variable of 
interest, identify its probability distribution, and calculate a probability for a linear combination of a normal 
random variable and a constant; (2) use basic probability rules to find a different probability; and (3) use the 
sampling distribution of the sample mean to find a probability about the mean of three observations. 


Solution 
Part (a): 


Since M = D + E (anormal random variable plus a constant is a normal random variable), we know that M is 
normally distributed with a mean of 2 feet and a standard deviation of 1.5 feet. Thus, 


P(M <0) = Pz 20s 2) < P(Z < 1.33) = 0.0918, where Z = a 





1.5 
Part (b): 


P(at least onemeasurement < 0) = 1 — P(allthreemeasurements > 0) 


= 1-(1-0.0918)° 


= 1 — (0.9082)° 
= 1- 0.7491 
= 0.2509 


Part (c): 


Let X denote the mean of three independent depth measurements taken at a point where the true depth is 2 
feet. Since each measurement comes from a normal distribution, the distribution of X is normal with a mean 


of 2 feet and a standard deviation of = = 0.8660 feet. Thus, 


a < P(Z < -2.31) = 0.0104, where Z = 


oO 
3 vn 


P(X <0)=P\Z< aa 
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Question 3 (continued) 


Scoring 


Parts (a), (b), and (c) are scored as essentially correct (E), partially correct (P), or incorrect (I). 


Part (a) is essentially correct (E) if the student clearly does ALL three of the following: 
e identifies the distribution as normal; 
e specifies BOTH uw and o; AND 


e calculates the correct probability. 


Part (a) is partially correct (P) if the student: 
e calculates the correct probability but fails to identify the distribution as normal with BOTH w and 
o specified; 
OR 
e correctly identifies the distribution as normal with BOTH w and o specified but fails to calculate the 
correct probability. 


Part (a) is incorrect (I) if any of the following occur: 
e the student indicates the probability is 0.5 because the random error is symmetric about zero; 
OR 
e the student uses a mean of zero and a standard deviation of 1; 
OR 
e the student conducts a hypothesis test. 


Notes: 
e The student may use the distribution of the error, £, to solve the problem. That is, finding the area below 
—2 for a normal distribution with mean 0 and standard deviation 1.5 should be scored essentially correct 


(E). 
Thus P(E < —2) = P(z < — 


e If only the calculator command normalcdf (—9, 0, 2, 1.5) is provided along with the probability 0.0912, 





°) < P(Z < -1.33) = 0.0918, where Z = cae 


then the response should be scored as partially correct (P). 


Part (b) is essentially correct (E) if the student calculates the correct probability AND: 
e correctly applies complement and probability rules using the value obtained in 
part (a); 
OR 
e clearly identifies the distribution as binomial AND specifies BOTH n and p using the value obtained in 
part (a). 


Part (b) is partially correct (P) if the student: 
e clearly identifies the distribution as binomial AND specifies BOTH n and p, using the value obtained in 


part (a), but does not calculate the correct probability; 
OR 


© 2006 The College Board. All rights reserved. 
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents). 


9 


AP® STATISTICS 
2006 SCORING GUIDELINES 


Question 3 (continued) 


e clearly identifies the distribution as binomial AND specifies BOTH n and p using a value of p that is 
unrelated to the value obtained in part (a) and calculates the correct probability based on their value of p; 
OR 


e calculates the correct probability using the value obtained in part (a) but fails to correctly identify the 
distribution as binomial with BOTH n and p specified; 
OR 
e recognizes the solution as the sum of the product of the probabilities of successes and failures, using the 
answer from part (a), but omits only the binomial coefficients. 


Part (b) is incorrect (I) if the student calculates P(at least one measurement < 0) = 1- D>, where p is the 
solution to part (a). 


Notes: 
e The solution using the binomial distribution with p = 0.0918 is: 
P(at least one measurement < 0) = P(B = 1) + P(B = 2) + P(B = 3) 


= [| Jo.os1s'c — 0.0918)" + 


2 
= 0.2272 + 0.0230 + 0.0008 
= 0.2510 


[) Jo-os18%c — 0.0918)! + [ Jo-osis? 


e If only the calculator command 1 — binomcdf (3, 0.0918, 0) is provided along with the probability 
0.2509, then the response should be scored as partially correct (P). 


Part (c) is essentially correct (E) if the student clearly does ALL three of the following: 
e identifies the distribution of the sample mean as normal; 
e specifies BOTH uw, ando,; AND 


e calculates the correct probability. 


Part (c) is partially correct (P) if the student: 
e calculates the correct probability, but fails to identify the distribution of the sample mean as normal with 
BOTH wu, and of; specified; 
OR 
e correctly identifies the distribution of the sample mean as normal with BOTH yw, and o, specified, but 


fails to calculate the correct probability. 


Part (c) is incorrect (I) if any of the following occur: 


e the student uses the same calculation as in part (a); 
OR 
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Question 3 (continued) 


the student uses an incorrect standard deviation (e.g., z or J3(1.5) ; 


OR 
the student conducts a hypothesis test. 


An alternate solution using the sum instead of the mean is: 


Let X denote the mean of three independent depth measurements taken at a point where the true depth is 
2 feet. Since each measurement comes from a normal distribution, the distribution of the sum of the three 


measurements, S = (X, + X, + X3), is normal with a mean 1, = 6 feet and a standard deviation 





Os = 2.598 feet (2; = 3(42] , often calculated as (1.5)° + (1.5) + (5) ; 
= O-6)\_ “3 _ _ S=Us 
Thus P(S <0) = P(z a S| = P(Z < -2.31) = 0.0104, where Z = a 


If only the calculator command normalcdf (—, 0, 2, 0.866) is provided along with the probability 


0.01046, then the response should be scored as partially correct (P). 
If the student does not consistently specify a correct uw and o from the same distribution, 1.e., for the 


mean or the sum, the response should be scored at most partially correct (P). 
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Question 3 (continued) 
4 Complete Response 
All three parts essentially correct 
3 Substantial Response 
Two parts essentially correct and one part partially correct 
2 Developing Response 


Two parts essentially correct and no parts partially correct 


OR 

One part essentially correct and two parts partially correct 
OR 

Three parts partially correct 

1 Minimal Response 

One part essentially correct and one part partially correct 
OR 

One part essentially correct and no parts partially correct 
OR 


No parts essentially correct and two parts partially correct 
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3. The depth from the surface of Earth to a refracting layer beneath the surface can be estimated using methods 
developed by seismologists. One method is based on the time required for vibrations to travel from a distant 
explosion to a receiving point.-The depth measurement (M) is the sum of the trué depth (D) and the random 


measurement error (Z). That is, M = D + E. The measurement error (£) is assumed to be normally distributed 
with mean 0 feet and standard deviation 1.5 feet. : 


| MND 
(a) If the trué depth at a certain point is 2 feet, what i is the probability that the depth measurement will be 


ae _ Me ote 
My = rd . 
ne p(n go)ee OH 2 
. YVv : i 2-2. 

rz 2 
/ cepa ee 439?) 
a SP) 7 eae aS top~ 1. eee 








(w? Suppose shee SepERUERT Booth measurements are taken at the point me the true depth i is 2 dest. What is 
Ae probability that at least one of these measurements will be ean +, r ee 


D(paitwa= PC at ledst he. noe > =| PENG ne) 
Cae = 90e1 == 1CAPEA). a 





(c) What is the probability that the mean of the {hrée Independent depth measurements taken at the point where 
the true depth i is 2 feet will Be negative? 


AA 2D. 
T= NB ts PO Oe 
a 
eCx <o) =P(2 <5 Twi) 2? ~2,3:09)} 


= netics “2, 307) 
GO ON TO THE NEXT PAGE. 









. >. a $ 
-2,309 ae : . #=40- 
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3. The srt from the surface of Earth to a refracting layer beneath the surface can be estimated using methods _ 
developed by seismologists. One method is based on the time required for vibrations to travel from a distant 


explosion to a receiving point. The depth measurémént (M) is the sum of the true depth (D) and the random 


measurement error (E). That is, M = D+ E. The measurement error (£) is assumed to ne spcisee distributed 
“with mean 0 feet and standard ceyanen 1, feet. 


(a) If the true depth at a certain point i is 2 feet, what is the probability ‘that the depth measureinent will be | 
BeUERVE 





dh (leo) £5) 
Peat a hide wh 





wil bee 





(b) Suppose three indaxehvteir depth measurements are take at the point where ie tue o depts 2 feet. What is 
the probability that at at at least one of these measurements will be negative? 
i aa 
ate Lowa) C=: etal) , eae 


30, Cova Cet er i 


C gto’ Clo an)” ; 405 ae 
“7 pe aa a F hin 


we st x thee sal 
(c) What is the probability that the mean af the thrée independent cept measiirements take’ te the polbt where 
the true depth i is 2 feet will be negative? 
we JE >) us i= 7 
In, fe) 6, 4 - 


= ole a pe ron prsen url fe magh 


GO On TO THE NEXT PAGE. 
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© 2006 The College Board. All rights reserved. 
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents). 


AC 


. The depth from the surface of Earth toa refracting layer beneath the surface can be estimated using’methods 
developed by seismologists. One method is based on the time required for vibrations to travel from a distant 
explosion to a receiving point. The depth measurement (M) is the sum of the true depth (D) and the random 


measurement error (E). That is, M = D + E. The measurement error (E) is assumed to be normally distributed 
with mean 0 feet and standard deviation 1.5 feet. 


(a) If the true depth at a certain point is 2 feet, what is the probability that the depth measurement will be 
negative? 
: M=D +E 
Me 2+ 
for Mh & agate, E<-2 


P(E <2) = rea 2-0, ?(Z<-133) = (0.0712. | 


(b) Suppose three independent depth measurements are taken at the point where the true depth is 2 feet.. What is 
the probability that at least one of these measurements will be negative? 


lot K he binomial var, ple Mnler of mmarnmtaent phot are ryative 
Consors he binomial : fuel A # of obtervations - ws 3 
@® PCsueers} same for all “Hoe 
©) Lrdepenserse of pprervation (- KS 
(B Only Zoutomes ys, + or — 


P(x» t)= I= P(xe0) 


- 
— 


(c) What is the probability that the mean of the three independent depth measurements taken at the point where 
the true depth is 2 feet will be negative? 


P( £(M,4¢ Met A) <0) = = PCM rh eds <0 )= Pl er Fr EtG <o) 
= P(E rate <8 


This hay mean 0100050 
Side SLOT HSH = 2.59 


tis probeb ity =(o.010 ) 


5 GO ON TO THE NEXT PAGE. 


© 2006 The College Board. All rights reserved. 
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents) 


AP® STATISTICS 
2006 SCORING COMMENTARY 


Question 3 
Overview 


The primary goals of this question were to assess a student’s ability to: (1) recognize the random variable of 
interest, identify its probability distribution, and calculate a probability for a linear combination of a normal 
random variable and a constant; (2) use basic probability rules to find a different probability; and (3) use the 
sampling distribution of the sample mean to find a probability about the mean of three observations. 


Sample: 3A 
Score: 4 


In part (a) the depth measurement, M, is clearly indicated as the variable of interest. The notation is clear and 
consistent and includes a sketch showing the normality of the distribution of the depth measurement, the z-score, 
and the shaded tail region. In part (b) the complement of the answer in part (a) is used to calculate the probability 
that at least one of the depth measurements will be negative. Parameters are identified, and the steps in the 
solution are clear. In part (c) a drawing is used to show the normality of the sampling distribution. The sketch 
includes the z-score and the shaded tail region. The work for calculating the mean and standard deviation of the 
sampling distribution is clear. There is a minor notation error, P(X < 0), that was ignored in evaluating the 


overall essay. The correct notation should be P(X < 0). This essay earned a score of 4. 


Sample: 3B 
Score: 3 


In part (a) the distribution of error, F, is used as the variable of interest. Since the measurement error is also 
normally distributed, full credit is given for this response. A drawing is used to indicate the normality of the 
distribution, the value of the mean, and the shaded tail region. Calculator syntax is given to compute the correct 
probability, but the standard deviation is not specified. In part (b) the binomial distribution is used to calculate the 
correct probability that at least one of three independent depth measurements will be negative. The correct 
calculation is shown without using the word binomial, but the values of n and p are clear from the work. In part (c) 
the distribution of the sum of three measurements is used to calculate the probability. The question asked the student 
to calculate the probability that the mean of the three independent depth measurements taken at the point where the 
true depth is 2 feet would be negative, but since the sum of the three measurements is also normally distributed, this 
approach to the solution was given full credit. The correct value for the mean and standard deviation for the sum is 
given. A drawing is used to indicate the distribution is normal, the value of the mean, and a shaded tail region. All 
parameters are defined in the calculator syntax. This essay earned a score of 3. 


Sample: 3C 
Score: 2 


In part (a) the distribution of error, E, is used as the variable of interest. Since the measurement error is also 
normally distributed, full credit was given for this response. The essay uses correct notation, calculates the correct 
probability, and identifies the value of the mean and standard deviation in the substitution step of the z-score 
formula. In part (b) the binomial distribution is used to calculate the correct probability that at least one of three 
independent depth measurements will be negative. The essay correctly states the conditions for a binomial 
distribution and calculates the correct probability, but the student fails to give the parameter value p. In part (c) 
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Question 3 (continued) 


students were asked to calculate the probability that the mean of the three independent depth measurements taken at 
the point where the true depth is 2 feet would be negative, but since the sum of the three measurements is also 
normally distributed, this student’s approach to the solution was given full credit. The values for the mean and 
standard deviation are labeled and the correct probability is calculated, but the fact that the distribution of the sum of 
three independent depth measurements is normal is not shown. Although correct probability is given, it is not clear 
how the answer is calculated. This essay earned a score of 2. 


© 2006 The College Board. All rights reserved. 
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents). 


